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Sources of Heterogeneity in Contacts

Individual exposure and infection hazard may be heterogeneous for 
a number reasons:

1. Risk structure 
• Determined by behavioural patterns 
• Or related to occupation

2. Age-determined contacts
• Childhood diseases

3. Seasonality
• Time-dependent contact rates result in sustained 

oscillations



Simple contact heterogeneities

Contact	tracing	to	examine	HIV	transmission	network	in	
Colorado	Springs:



More Generally
Transmission tree with high risk and low risk groups

High risk group 

Low risk group 
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High risk group

Low risk group



Modeling Risk Structure

SL IL

SH IH

Introduce a model consisting of 
individuals whose behaviour/work 
places them in one of two kinds of 
groups: Low risk and High risk

Use an extension of simple SIS model

dSL

dt
= �LIL � �LLSLIL

dIL
dt

= ��LIL + �LLSLIL

dSH

dt
= �HIH � �HHSHIH

dIH
dt

= ��HIH + �HHSHIH

��HLSHIL

+�HLSHIL

+�LHSLIH

��LHSLIH



What’s R0?
Instead of a single transmission rate (β), we now 
have a matrix of transmission parameters (β)

l This is called WAIFW (Who Acquires Infection From Whom) matrix 

l Typically, it’s assumed βLH = βHL

l And high assortativity, such that βHH > βLL > βHL

✓
�HH �HL

�LH �LL

◆



What’s R0?
At disease-free equilibrium

l F = new infections

l FH = βHH SHIH + βHL SHIL

l FL = βLL SLIL + βLH SLIH

(S⇤
H , I⇤H , S⇤

L, I
⇤
L) = (1, 0, 1, 0)

l V = pathogen progression

l VH = γHIH

l VL = γLIL

V =

✓
�H 0
0 �L

◆
F =

✓
�HHS⇤

1 �HLS⇤
1

�HLS⇤
2 �LLS⇤

2

◆
=

✓
�HH �HL

�HL �LL

◆

Diekmann et al. (1990; J Math Biol.)



What’s R0?
Next generation operator, K, given by

FV �1 =

✓
�HH �HL

�HL �LL

◆✓ 1
�H

0
0 1

�L

◆

det(K � ⇤I) =

�����

�HH

�H
� ⇤ �HL

�L
�LH

�H

�LL

�L
� ⇤

�����

Solve for largest Λ

=0

K = FV �1 =

 
�HH

�H

�HL

�L
�LH

�H

�LL

�L

!



Worked example

� =

✓
45 20
20 35

◆l Let γH=γL = 50,

l with WAIFW matrix give by

K = FV �1 =

✓
45 20
20 35

◆✓
1
50 0
0 1

50

◆

=

✓
.9 .4
.4 .7

◆

det(K = ⇤I) =

����
.9� ⇤ .4
.4 .7� ⇤

���� = ⇤2 � 1.6⇤+ 0.47

l So Λ = 1.21 or .39  ⇒ R0 = 1.21



Limitations
• R0 quantifies overall transmission — useful for 

control measures that ignore epidemiological 
“type”

• Not target specific

• What if interested in focusing on high risk group?

Targeted controls

Control measures could target all paths leading to H.

LH

0.4

0.4

0.70.9
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l Control measures could be aimed at, for example, paths leading to 
High risk group



Type Reproduction 
Number

If a control strategy is aimed at particular 
host types only, (vectors, wildlife reservoir, 
vaccination of domestic animals), then so-
called “type reproduction number”, T, takes 
over role of R0  
Its value determines control effort needed 

Roberts & Heesterbeek (2003; Proc B)



Type Reproduction 
Number

• Type reproduction Number, Ti 

- All paths leading to i targeted
1 → i, 2 → i, ..., p → i.

Then  

x1={i}, x2={1, ..., n} and Ti = T1→i, 2→i, ..., n→i.

Basic reproduction Number, R0: all possible paths are targeted 

x1={1,2, ..., n}, x2={1, ..., n}

Roberts & Heesterbeek (2003; Proc B)



Target Reproduction 
Number

• Suppose we target q paths of transmission
j1 → i1, j2 → i2, ..., jq → iq

Let X be set of all targeted paths
x1 = {i1, i2, ..., iq},          x2 = {j1, j2, ..., jq}

The Target Reproduction Number is

l where Pxi is a projection matrix (Pk,k = 1 if k ∈ xi, zero otherwise).

‘recipient’
classes

‘donour’
classes

T
X

= ⇢(P
x1KP

x2(1�K + P
x1KP

x2)
�1)) if ⇢(K � P

x1KP
x2) < 1

Shuai et al. (2012; J Math Biol)



Target Reproduction 
Number

then TX is not defined since disease 
cannot be eradicated by targeting only X  

if ⇢(K � P
x1KP

x2) > 1

Shuai et al. (2012; J Math Biol)



Targeting SH

H → H, L → H.

x1={H}, x2={H, L} 

Targeted controls

Control measures could target all paths leading to H.

LH

0.4

0.4

0.70.9
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Target paths:

Target reproduction number:

TH = TH→H, L→H
= ⇢(P

x1KP
x2(1�K + P

x1KP
x2)

�1)), if ⇢(K � P
x1KP

x2) < 1

K =

✓
0.9 0.4
0.4 0.7

◆
P
x1 =

✓
1 0
0 0

◆
P
x2 =

✓
1 0
0 1

◆



Targeting SH

Check:

✓
1 0
0 1

◆✓
1 0
0 0

◆✓
0.9 0.4
0.4 0.7

◆
=

✓
0.9 0.4
0 0

◆
P
x1KP

x2 =

⇢(K � P
x1KP

x2) = 0.7

(P
x1KP

x2)

✓
I �K + (P

x1KP
x2)

◆�1
✓

=

✓
0.9 0.4
0 0

◆"✓
1 0
0 1

◆
�
✓

0.9 0.4
0.4 0.7

◆
+

✓
0.9 0.4
0 0

◆#�1

=

✓
1.43 1.33
0 0

◆

Hence, TH = TH→H, L→H = 1.43 

Need to vaccinate H susceptibles: 1-1/TH = 1-1/1.43 = 0.3



Lowering H➛H transmission

H → H.

x1={H}, x2={H} 

Target paths:

Target reproduction number: TH = TH→H

= ⇢(P
x1KP

x2(1�K + P
x1KP

x2)
�1)), if ⇢(K � P

x1KP
x2) < 1

K =

✓
0.9 0.4
0.4 0.7

◆
P
x1 =

✓
1 0
0 0

◆

Control by lowering H ! H transmission: TH!H

LH

0.4

0.4

0.70.9

Target paths: H ! H

x1 = {H} = {1}, x2 = {H} = {1}.

Target reproduction number:

TH!H = ⇢
⇣

Px1 KPx2 (I � K + Px1 KPx2)
�1

⌘
, if ⇢(K � Px1 KPx2) < 1,

K =


0.9 0.4
0.4 0.7

�
, Px1 =


1 0
0 0

�
, Px2 =


1 0
0 0

�
.
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P
x2 =

✓
1 0
0 0

◆

Hence, TH = TH→H = 1.93 

Need to reduce contact by 1-1/TH = 1-1/1.93 = 0.48



More Generally
Target 
Paths x1 x2

Target 
Reproduction Reduction Vaccination

All H, L H, L R0 = 1.21 0.17
17% H

17% L

H ➛ H
H H, L TH = 1.43 0.3

30% H

L ➛ H 0% L

H ➛ L
L H, L TL = 2.30 0.57

0% H

L ➛ L 57% L

H ➛ H H H 1.93 0.48 -

L ➛ L L L Not Defined - -

L ➛ H H L 5.33 0.81 -

H ➛ L L H 5.33 0.81 -



Reduce targeted 
transmission by 40%Reduce targeted transmission by 40%
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Reduce targeted transmission by 40%
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Reduce targeted transmission by 40%
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Reduce targeted transmission by 40%

0 5 10 15 20
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

In
fe
ct
ed

cl
a
ss
,
I(
t)

Time (years), t

 

 

Target: H → H
L → H

IH
IL

0 5 10 15 20
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

In
fe
ct
ed

cl
a
ss
,
I(
t)

Time (years), t

 

 

Target: H → L
L → L

IH
IL

0 5 10 15 20
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

In
fe
ct
ed

cl
a
ss
,
I(
t)

Time (years), t

 

 

Target: H → H

IH
IL

0 5 10 15 20
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

In
fe
ct
ed

cl
a
ss
,
I(
t)

Time (years), t

 

 

Target: L → L

IH
IL

33 37



Reduce targeted 
transmission by 60%Reduce targeted transmission by 60%
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Summary

• Target reproduction number informative for 
heterogeneous populations

• Behavioural risk (core groups)

• Vectors & Hosts

• Age structure

• Spatial structure



• So far, looked at heterogeneity arising in contacts, due to 
behavioural differences (risk structure) 

• Now, we consider changing risk due to age structure, 
motivated by childhood diseases (ie SIR) 

• Initially, assume only two age groups: Low risk (Adults) and 
High risk (Children)

• Differences from previous model: (i) SIR not SIS, (ii) individuals 
eventually move from class C to class A in SIR model

Modeling Age Structure



dXC

dt
= ⌫ � (�CCYC + �CAYA)XC � µCXC � ⌧CXC

dYC

dt
= (�CCYC + �CAYA)XC � �YC � µCYC � ⌧CYC

dXA

dt
= ⌧CXC � (�ACYC + �AAYA)XA � µAXA

dYA

dt
= ⌧CYC + (�ACYC + �AAYA)XA � �YA � µAYA

N = NC +NA = (XC + YC + ZC) + (XA + YA + ZA)

XC YC

XA YA

Modeling Risk Structure



l Let’s assume 1/τC = 15 years & 1/τA = 60 years 

l So, NC/N = 0.2 and NA/N = 0.8

l Using same spectral radius approach as before, we get R0 ~2.2

Initial Dynamics

• Again, key thing is WAIFW matrix, which we’ll 
assume to take following form 

� =

✓
100 10
10 20

◆



Pc ~ 0.55

• Prevalence much higher in C class than A class
• Vaccination threshold same as in unstructured model (!!)
• Low levels of immunization increase fraction of population 

susceptible (!!)

Disease Free

Paediatric Vaccination



• So far, we have used hypothetical WAIFW matrices

• In reality, we may have data on disease prevalence in C and A 
classes, but our matrix β has 4 entries we need to estimate!

• Pragmatic assumption has been to simplify WAIFW along 
intuitive/sensible lines, eg

• Often, reasonably obvious what’s not a plausible WAIFW matrix

� =

✓
�1 �2

�2 �2

◆

�unlikely =

✓
�1 �2

�2 �1

◆
,

✓
�1 0
0 �1

◆
,

✓
�1 0
�2 0

◆
, . . .

Which WAIFW?



• Some of earliest discrete age-class (RAS) models developed 
for measles (Schenzle 1984)

• Make pragmatic assumption: transmission, especially in pre-
vaccine era, primarily driven by school dynamics

• Need four age groups 

• Pre-school (0-4 years)

• Primary school (5-10 years)

• Secondary school (11-16 years)

• Adults (16+)

• We’re now faced with old problem of which WAIFW?

Application to Childhood Diseases



Often, only have information on age-specific prevalence or serology

Given n age classes, age-specific transmission matrix has n2  
elements … correcting for reciprocity, we still have n(n-1)/2 term

Typical age-specific data



• Two seemingly sensible WAIFW matrices are

With β1> β2 > β3 > β4

Which WAIFW?

� =

0

BB@

�2 �2 �3 �4

�2 �1 �3 �4

�3 �3 �3 �4

�4 �4 �4 �4

1

CCA� =

0

BB@

�2 �4 �4 �4

�4 �1 �4 �4

�4 �4 �3 �4

�4 �4 �4 �3

1

CCA



Mossong et al. (2008)

We have used simulations to expand on two particular
types of contacts (physical and nonphysical) and to sketch the
consequences of the observed contact patterns on the age
distribution of incidence in the initial phase of an epidemic,
when a new infectious disease is introduced into a completely
susceptible population. As shown clearly by our simulations,
the highest incidence of infection will occur among the
younger age classes (5–19 y) for all countries. It is tempting to
link such contact patterns to the observation during the 1957
Asian influenza A H2N2 pandemic that the first few
generations of infection primarily affected those aged 11–
18 y [35]. However, we note that our survey did not address
the clustering of contacts; such clustering of contacts might

result in less-pronounced differences in age-specific inci-
dence than suggested by our calculations. Addressing the
frequency of clustered contacts, duration and type of contact,
differential impact of pathogen on different age groups, time
correlation of contacts, and assortative mixing by demo-
graphic factors other than age should be key priorities for
future research.
One of the major assumptions behind our approach is that

talking with or touching another person constitutes the main
at-risk events for transmitting infectious diseases. There may
be other at-risk events that our methodology does not
capture, such as being in a confined space or in close physical
proximity with other individuals and not talking to them [23].

Figure 3. Smoothed Contact Matrices for Each Country Based on (A) All Reported Contacts and (B) Physical Contacts Weighted by Sampling Weights

White indicates high contact rates, green intermediate contact rates, and blue low contact rates, relative to the country-specific contact intensity. Fitting
is based on a tensor-product spline to contact matrix data using a negative binomial distribution to account for overdispersion.
doi:10.1371/journal.pmed.0050074.g003

PLoS Medicine | www.plosmedicine.org March 2008 | Volume 5 | Issue 3 | e740387

Social Contacts and Mixing Patterns



Age-specific contacts

32



Contacts at home



Contacts at work



Read et al. (2014)

tended to be further away compared with urban residents
(upper quartile 2.7 km versus 2.0 km). When stratified by popu-
lation density of home location, a slightly more nuanced picture
emerges (electronic supplementary material, figure S3). The
proportion of number of contacts in the household declines
with increasing population density, from 38% in the lowest den-
sity locations to 17% in the highest density location. However,
there was no clear trend in the distance from home of non-
household contacts, with the contacts of participants residing
in mid-density locations encountered the furthest distance
from home (upper quartile low density: 1.9 km, low-mid:
2.6 km, high-mid: 2.6 km, high: 2.3 km).

(c) Assortative mixing
The ages of contacts were only measured in coarse age cat-
egories; despite this, assortativity by age was still evident.
All age groups were significantly more likely to have a greater
number of contacts with a member of their own age group than

would be expected if mixing were at random (figure 3a).
Younger (0–19 years old) and older (65þ) participants were
over three times as likely to have contact with individuals
of their own age, while assortativity was weaker among
20–64 year olds, who were 1.4 times as likely to mix with
those of their own age. When measured by contact duration,
assortativity for each age group remains significant though
slightly attenuated, the exception being the contact rate of
young children encountered by adults aged 20–64, which
increases to 1.3 times more than if mixing was random.

When stratified by whether a contact was made within or
outside of the household, we found assortativity by age to be
stronger outside of the household (figure 4). Assortativity
by age increases the further from home contacts are made.
We found no qualitative difference in age-mixing patterns
between urban and rural populations. Our measure of assor-
tativity, relating number of frequency of contact reported to
that expected by random mixing, may be biased if the demo-
graphic age structure of our study population differ from the
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Figure 1. (a) The log – log distribution of number of contacts reported by participants. The inset shows the proportional distribution across log-binned contact
number, split by age group of participant. (b) Boxplot of number of contacts reported by age group of participant; log-means are denoted by coloured circles.
(c) The log – log distribution of total contact duration (rounded up to nearest hour); here, we show total durations from 100 re-samples with translucent points to
illustrate the variation in assigned contact durations. The inset shows the proportional distribution across log-binned durations, by participant age group. (d ) Total
contact duration by age group. One participant reported zero contacts: they are in the 70-79 year age group and excluded from these plots.

rspb.royalsocietypublishing.org
Proc.R.Soc.B

281:20140268
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larger scale demography on which our null models are based
[25]; in light of this, we conducted a sensitivity analysis using
complete age information for study households instead of
national census data and found no significant differences
(see the electronic supplementary material, figure S5).

4. Discussion
In a large, representative study of self-reported contact patterns
in Guangdong province, China, we found patterns of contact
broadly consistent with those observed in Europe and else-
where in the world. However, some important differences

were apparent. While European studies found that school-
age children have the highest rates of contact [6], we found
little difference by age group, except for a decreased number
of contacts made by those older than 70 years. However,
when we considered the total duration of contacts made, we
found a steady decline with increasing age, a feature also pre-
sent in European study data [6], though previously unreported
(see the electronic supplementary material). From an epide-
miological perspective, such contact patterns may be relevant
to the transmission and control of influenza and other acute
respiratory infections [4,12–16]. Although total contact
number determines the potential frequency of exposure to
infections, the risk of infection may depend more strongly on
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larger scale demography on which our null models are based
[25]; in light of this, we conducted a sensitivity analysis using
complete age information for study households instead of
national census data and found no significant differences
(see the electronic supplementary material, figure S5).

4. Discussion
In a large, representative study of self-reported contact patterns
in Guangdong province, China, we found patterns of contact
broadly consistent with those observed in Europe and else-
where in the world. However, some important differences

were apparent. While European studies found that school-
age children have the highest rates of contact [6], we found
little difference by age group, except for a decreased number
of contacts made by those older than 70 years. However,
when we considered the total duration of contacts made, we
found a steady decline with increasing age, a feature also pre-
sent in European study data [6], though previously unreported
(see the electronic supplementary material). From an epide-
miological perspective, such contact patterns may be relevant
to the transmission and control of influenza and other acute
respiratory infections [4,12–16]. Although total contact
number determines the potential frequency of exposure to
infections, the risk of infection may depend more strongly on
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Age-specific transmission rate

Force of infection determine by:
Contact structure (cᵢⱼ) -- from Mossong study
Probability that contact is with infectious -- Iⱼ/Nⱼ
Transmission probability, given contact -- qᵢ

�i = qi
X

j

cij
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•From age-specific incidence data, calculate age-
specific force of infection 

•That is, probability of infection while in age class i 

•P(infection in age i) = 1 – exp(-λi Δai)

Δai is width of class i 
Dj is incidence data in class j

Age-Structured transmission: 
from data



•If we know cij –rate of contacts between class i and 
class j– then  

•Ki is risky contacts of class i = Σj cij Ij/Nj 

•Thus, force of infection is  
•λi = q Ki 

•q is probability of infection given contact 
•So, q = Ki/λd

i

Age-Structured transmission: 
from model



Fluctuations likely due to age-specific biases in contact data and age-
specific variation in detectability, susceptibility, and nature of contacts as 
related to transmission 

Assume q constant to assay role of age-specific contacts in transmission 
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Age-specific transmission rate

Force of infection determine by:
Contact structure (cᵢⱼ) -- from Mossong study
Probability that contact is with infectious -- Iⱼ/Nⱼ
Transmission probability, given contact -- qᵢ

�i = qi
X

j

cij
Ij
Nj

Can use data to
determine transmission probability, given contact -- qᵢ
validate model



R2 = 0.83

Model-data comparison
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