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Sources of Heterogeneity in Contacts

Individual exposure and infection hazard may be heterogeneous for 
a number reasons:

1. Risk structure 
• Determined by behavioural patterns 
• Or related to occupation

2. Age-determined contacts
• Childhood diseases

3. Seasonality
• Time-dependent contact rates



Simple contact heterogeneities

Contact tracing to examine HIV transmission network in 
Colorado Springs:



More Generally
Transmission tree with high risk and low risk groups

High risk group 

Low risk group 
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High risk group

Low risk group



Modeling Risk Structure

SL IL

SH IH

Introduce a model consisting of individuals 
whose behaviour/work places them in one 
of two kinds of groups: Low risk and High 
risk 

Extend simple SIS model

dSL

dt
= �LIL � �LLSLIL

dIL
dt

= ��LIL + �LLSLIL

dSH

dt
= �HIH � �HHSHIH

dIH
dt

= ��HIH + �HHSHIH

��HLSHIL

+�HLSHIL

+�LHSLIH

��LHSLIH



What’s R0?
Instead of a single transmission rate (β), we now 

have a matrix of transmission parameters (β)

! This is called WAIFW (Who Acquires Infection From Whom) matrix  

! Typically, it’s assumed βLH = βHL 

! And high assortativity, such that βHH > βLL > βHL

✓
�HH �HL

�LH �LL

◆



What’s R0?
At disease-free equilibrium

! F = new infections

! FH = βHH SHIH + βHL SHIL

! FL = βLL SLIL + βLH SLIH

(S⇤
H
, I⇤

H
, S⇤

L
, I⇤

L
) = (1, 0, 1, 0)

! V = pathogen progression

! VH = γHIH

! VL = γLIL

V =

✓
�H 0
0 �L

◆
F =

✓
�HHS⇤

1 �HLS⇤
1

�HLS⇤
2 �LLS⇤

2

◆
=

✓
�HH �HL

�HL �LL

◆

Diekmann et al. (1990; J Math Biol.)



What’s R0?
Next generation operator, K, given by

FV �1 =

✓
�HH �HL

�HL �LL

◆✓ 1
�H

0
0 1

�L

◆

det(K � ⇤I) =

�����

�HH

�H

� ⇤ �HL

�L

�LH

�H

�LL

�L

� ⇤

�����

• Solve for largest Λ

=0

K = FV �1 =

 
�HH

�H

�HL

�L

�LH

�H

�LL

�L

!



Worked example

� =

✓
45 20
20 35

◆! Let γH=γL = 50,

! With WAIFW matrix give by

K = FV �1 =

✓
45 20
20 35

◆✓
1
50 0
0 1

50

◆

=

✓
.9 .4
.4 .7

◆

det(K = ⇤I) =

����
.9� ⇤ .4
.4 .7� ⇤

���� = ⇤2 � 1.6⇤+ 0.47

! So Λ = 1.21 or .39  ⇒ R0 = 1.21



Limitations

• R0 quantifies overall transmission — useful for control measures 
that ignore epidemiological “type” 

• Not target specific 

• What if interested in focusing on high risk group?

Targeted controls

Control measures could target all paths leading to H.

LH

0.4

0.4

0.70.9
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! Control measures could be aimed at, for example, paths leading 
to High risk group



Type Reproduction 
Number

If control strategy is aimed at particular host types, (vectors, 
wildlife reservoir, domestic animals), then so-called “type 
reproduction number”, T, takes over role of R0  

Its value determines control effort needed 

Roberts & Heesterbeek (2003; Proc B)



Type Reproduction 
Number

• Type reproduction Number, Ti  

- All paths leading to i targeted
1 → i, 2 → i, ..., p → i.

Let x be set of all targeted paths 

Then  

x1={i}, x2={1, ..., n} and Ti = T1→i, 2→i, ..., n→i

Basic reproduction Number, R0: all possible paths are targeted 

x1={1,2, ..., n}, x2={1, ..., n}

Roberts & Heesterbeek (2003; Proc B)



Target Reproduction 
Number

• Suppose we target q paths of transmission
j1 → i1, j2 → i2, ..., jq → iq

Let x be set of all targeted paths
x1 = {i1, i2, ..., iq},          x2 = {j1, j2, ..., jq}

The Target Reproduction Number is

! where Pxi is a projection matrix (Pk,k = 1 if k ∈ xi, zero otherwise)

‘recipient’
classes

‘donour’
classes

TX = ⇢(Px1KPx2(1�K + Px1KPx2)
�1)) if ⇢(K � Px1KPx2) < 1

Shuai et al. (2012; J Math Biol)



Target Reproduction 
Number

then TX is not defined since disease cannot be 
eradicated by targeting only x  

if ⇢(K � Px1KPx2) > 1

Shuai et al. (2012; J Math Biol)



Targeting SH

H → H, L → H.

x1={H}, x2={H, L} 

Targeted controls

Control measures could target all paths leading to H.

LH

0.4

0.4

0.70.9
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Target paths:

Target reproduction number:

TH = TH→H, L→H

= ⇢(Px1KPx2(1�K + Px1KPx2)
�1)), if ⇢(K � Px1KPx2) < 1

K =

✓
0.9 0.4
0.4 0.7

◆
Px1 =

✓
1 0
0 0

◆
Px2 =

✓
1 0
0 1

◆



Targeting SH

Check:

✓
1 0
0 1

◆✓
1 0
0 0

◆✓
0.9 0.4
0.4 0.7

◆
=

✓
0.9 0.4
0 0

◆
Px1KPx2 =

⇢(K � Px1KPx2) = 0.7

(Px1KPx2)

✓
I �K + (Px1KPx2)

◆�1
✓

=

✓
0.9 0.4
0 0

◆"✓
1 0
0 1

◆
�
✓

0.9 0.4
0.4 0.7

◆
+

✓
0.9 0.4
0 0

◆#�1

=

✓
1.43 1.33
0 0

◆

Hence, TH = TH→H, L→H = 1.43 

Need to vaccinate susceptibles: 1-1/TH = 1-1/1.43 = 0.3



Lowering H➛H transmission

H → H.

x1={H}, x2={H} 
Target paths:

Target reproduction number: TH = TH→H

= ⇢(Px1KPx2(1�K + Px1KPx2)
�1)), if ⇢(K � Px1KPx2) < 1

K =

✓
0.9 0.4
0.4 0.7

◆
Px1 =

✓
1 0
0 0

◆

Control by lowering H ! H transmission: TH!H

LH

0.4

0.4

0.70.9

Target paths: H ! H

x1 = {H} = {1}, x2 = {H} = {1}.

Target reproduction number:

TH!H = ⇢
⇣

Px1 KPx2 (I � K + Px1 KPx2)
�1

⌘
, if ⇢(K � Px1 KPx2) < 1,

K =


0.9 0.4
0.4 0.7

�
, Px1 =


1 0
0 0

�
, Px2 =


1 0
0 0

�
.
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Px2 =

✓
1 0
0 0

◆

Hence, TH = TH→H = 1.93 

Need to reduce contact by 1-1/TH = 1-1/1.93 = 0.48



More Generally
Target Paths x1 x2

Target 
Reproduction

Reduction Vaccination

All H, L H, L R0 = 1.21 0.17 17% H
17% L

H ➛ H H H, L TH = 1.43 0.3 30% H
L ➛ H 0% L
H ➛ L L H, L TL = 2.30 0.57 0% H
L ➛ L 57% L

H ➛ H H H 1.93 0.48 -

L ➛ L L L Not Defined - -

L ➛ H H L 5.33 0.81 -

H ➛ L L H 5.33 0.81 -



Reduce targeted 
transmission by 40%Reduce targeted transmission by 40%
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Reduce targeted transmission by 40%
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Reduce targeted transmission by 40%
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Reduce targeted transmission by 40%
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Reduce targeted 
transmission by 60%Reduce targeted transmission by 60%
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Summary

• Target reproduction number informative for 
heterogeneous populations 

• Behavioural risk (core groups) 

• Vectors & Hosts 

• Age structure 

• Spatial structure



• So far, looked at heterogeneity arising in contacts, due to 
behavioural differences (risk structure)  

• Now, we consider changing risk due to age structure, 
motivated by childhood diseases (ie SIR)  

• Initially, assume only two age groups: Low risk (Adults) and 
High risk (Children) 

• Differences from previous model: (i) SIR not SIS, (ii) individuals 
eventually move from class C to class A in SIR model

Modeling Age Structure



dXC

dt
= ⌫ � (�CCYC + �CAYA)XC � µCXC � ⌧CXC

dYC

dt
= (�CCYC + �CAYA)XC � �YC � µCYC � ⌧CYC

dXA

dt
= ⌧CXC � (�ACYC + �AAYA)XA � µAXA

dYA

dt
= ⌧CYC + (�ACYC + �AAYA)XA � �YA � µAYA

N = NC +NA = (XC + YC + ZC) + (XA + YA + ZA)

XC YC

XA YA

Modeling Risk Structure



! Let’s assume 1/τC = 15 years & 1/τA = 60 years 

! So, NC/N = 0.2 and NA/N = 0.8

! Using same spectral radius approach as before, we get R0 ~2.2

Initial Dynamics

• Again, key thing is WAIFW matrix, which we’ll assume 
to take following form 

� =

✓
100 10
10 20

◆



Pc ~ 0.55

• Prevalence much higher in C class than A class 
• Vaccination threshold same as in unstructured model (!!) 
• Low levels of immunization increase fraction of population susceptible (!!)

Disease Free

Paediatric Vaccination



• So far, we have used hypothetical WAIFW matrices 

• In reality, we may have data on disease prevalence in C and A classes, 
but our matrix β has 4 entries we need to estimate! 

• Pragmatic assumption has been to simplify WAIFW along intuitive/
sensible lines, eg 

• Often, reasonably obvious what’s not a plausible WAIFW matrix

� =

✓
�1 �2

�2 �2

◆

�unlikely =

✓
�1 �2

�2 �1

◆
,

✓
�1 0
0 �1

◆
,

✓
�1 0
�2 0

◆
, . . .

Which WAIFW?



• Some of earliest discrete age-class (RAS) models developed 
for measles (Schenzle 1984) 

• Make pragmatic assumption: transmission, especially in pre-
vaccine era, primarily driven by school dynamics 

• Need four age groups  

• Pre-school (0-4 years) 

• Primary school (5-10 years) 

• Secondary school (11-16 years) 

• Adults (16+) 

• We’re now faced with old problem of which WAIFW?

Application to Childhood Diseases



Often, only have information on age-specific prevalence or serology

Given n age classes, age-specific transmission matrix has n2  elements 
… correcting for reciprocity, we still have n(n-1)/2 term

Typical age-specific data



• Two seemingly sensible WAIFW matrices are

With β1> β2 > β3 > β4

Which WAIFW?

� =

0

BB@

�2 �2 �3 �4

�2 �1 �3 �4

�3 �3 �3 �4

�4 �4 �4 �4

1

CCA� =

0

BB@

�2 �4 �4 �4

�4 �1 �4 �4

�4 �4 �3 �4

�4 �4 �4 �3

1

CCA



Mossong et al. (2008)

We have used simulations to expand on two particular
types of contacts (physical and nonphysical) and to sketch the
consequences of the observed contact patterns on the age
distribution of incidence in the initial phase of an epidemic,
when a new infectious disease is introduced into a completely
susceptible population. As shown clearly by our simulations,
the highest incidence of infection will occur among the
younger age classes (5–19 y) for all countries. It is tempting to
link such contact patterns to the observation during the 1957
Asian influenza A H2N2 pandemic that the first few
generations of infection primarily affected those aged 11–
18 y [35]. However, we note that our survey did not address
the clustering of contacts; such clustering of contacts might

result in less-pronounced differences in age-specific inci-
dence than suggested by our calculations. Addressing the
frequency of clustered contacts, duration and type of contact,
differential impact of pathogen on different age groups, time
correlation of contacts, and assortative mixing by demo-
graphic factors other than age should be key priorities for
future research.
One of the major assumptions behind our approach is that

talking with or touching another person constitutes the main
at-risk events for transmitting infectious diseases. There may
be other at-risk events that our methodology does not
capture, such as being in a confined space or in close physical
proximity with other individuals and not talking to them [23].

Figure 3. Smoothed Contact Matrices for Each Country Based on (A) All Reported Contacts and (B) Physical Contacts Weighted by Sampling Weights

White indicates high contact rates, green intermediate contact rates, and blue low contact rates, relative to the country-specific contact intensity. Fitting
is based on a tensor-product spline to contact matrix data using a negative binomial distribution to account for overdispersion.
doi:10.1371/journal.pmed.0050074.g003

PLoS Medicine | www.plosmedicine.org March 2008 | Volume 5 | Issue 3 | e740387

Social Contacts and Mixing Patterns



Age-specific contacts

32



Contacts at home



Contacts at work



Read et al. (2014)

tended to be further away compared with urban residents
(upper quartile 2.7 km versus 2.0 km). When stratified by popu-
lation density of home location, a slightly more nuanced picture
emerges (electronic supplementary material, figure S3). The
proportion of number of contacts in the household declines
with increasing population density, from 38% in the lowest den-
sity locations to 17% in the highest density location. However,
there was no clear trend in the distance from home of non-
household contacts, with the contacts of participants residing
in mid-density locations encountered the furthest distance
from home (upper quartile low density: 1.9 km, low-mid:
2.6 km, high-mid: 2.6 km, high: 2.3 km).

(c) Assortative mixing
The ages of contacts were only measured in coarse age cat-
egories; despite this, assortativity by age was still evident.
All age groups were significantly more likely to have a greater
number of contacts with a member of their own age group than

would be expected if mixing were at random (figure 3a).
Younger (0–19 years old) and older (65þ) participants were
over three times as likely to have contact with individuals
of their own age, while assortativity was weaker among
20–64 year olds, who were 1.4 times as likely to mix with
those of their own age. When measured by contact duration,
assortativity for each age group remains significant though
slightly attenuated, the exception being the contact rate of
young children encountered by adults aged 20–64, which
increases to 1.3 times more than if mixing was random.

When stratified by whether a contact was made within or
outside of the household, we found assortativity by age to be
stronger outside of the household (figure 4). Assortativity
by age increases the further from home contacts are made.
We found no qualitative difference in age-mixing patterns
between urban and rural populations. Our measure of assor-
tativity, relating number of frequency of contact reported to
that expected by random mixing, may be biased if the demo-
graphic age structure of our study population differ from the
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Figure 1. (a) The log – log distribution of number of contacts reported by participants. The inset shows the proportional distribution across log-binned contact
number, split by age group of participant. (b) Boxplot of number of contacts reported by age group of participant; log-means are denoted by coloured circles.
(c) The log – log distribution of total contact duration (rounded up to nearest hour); here, we show total durations from 100 re-samples with translucent points to
illustrate the variation in assigned contact durations. The inset shows the proportional distribution across log-binned durations, by participant age group. (d ) Total
contact duration by age group. One participant reported zero contacts: they are in the 70-79 year age group and excluded from these plots.

rspb.royalsocietypublishing.org
Proc.R.Soc.B

281:20140268
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larger scale demography on which our null models are based
[25]; in light of this, we conducted a sensitivity analysis using
complete age information for study households instead of
national census data and found no significant differences
(see the electronic supplementary material, figure S5).

4. Discussion
In a large, representative study of self-reported contact patterns
in Guangdong province, China, we found patterns of contact
broadly consistent with those observed in Europe and else-
where in the world. However, some important differences

were apparent. While European studies found that school-
age children have the highest rates of contact [6], we found
little difference by age group, except for a decreased number
of contacts made by those older than 70 years. However,
when we considered the total duration of contacts made, we
found a steady decline with increasing age, a feature also pre-
sent in European study data [6], though previously unreported
(see the electronic supplementary material). From an epide-
miological perspective, such contact patterns may be relevant
to the transmission and control of influenza and other acute
respiratory infections [4,12–16]. Although total contact
number determines the potential frequency of exposure to
infections, the risk of infection may depend more strongly on
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larger scale demography on which our null models are based
[25]; in light of this, we conducted a sensitivity analysis using
complete age information for study households instead of
national census data and found no significant differences
(see the electronic supplementary material, figure S5).

4. Discussion
In a large, representative study of self-reported contact patterns
in Guangdong province, China, we found patterns of contact
broadly consistent with those observed in Europe and else-
where in the world. However, some important differences

were apparent. While European studies found that school-
age children have the highest rates of contact [6], we found
little difference by age group, except for a decreased number
of contacts made by those older than 70 years. However,
when we considered the total duration of contacts made, we
found a steady decline with increasing age, a feature also pre-
sent in European study data [6], though previously unreported
(see the electronic supplementary material). From an epide-
miological perspective, such contact patterns may be relevant
to the transmission and control of influenza and other acute
respiratory infections [4,12–16]. Although total contact
number determines the potential frequency of exposure to
infections, the risk of infection may depend more strongly on
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Abstract

Background
Few studies have quantified social mixing in remote rural areas of developing countries,
where the burden of infectious diseases is usually the highest. Understanding social mixing
patterns in those settings is crucial to inform the implementation of strategies for disease
prevention and control. We characterized contact and social mixing patterns in rural com-
munities of the Peruvian highlands.

Methods and Findings
This cross-sectional study was nested in a large prospective household-based study of re-
spiratory infections conducted in the province of San Marcos, Cajamarca-Peru. Members of
study households were interviewed using a structured questionnaire of social contacts (con-
versation or physical interaction) experienced during the last 24 hours. We identified 9015
reported contacts from 588 study household members. The median age of respondents
was 17 years (interquartile range [IQR] 4–34 years). The median number of reported con-
tacts was 12 (IQR 8–20) whereas the median number of physical (i.e. skin-to-skin) contacts
was 8.5 (IQR 5–14). Study participants had contacts mostly with people of similar age, and
with their offspring or parents. The number of reported contacts was mainly determined by
the participants’ age, household size and occupation. School-aged children had more con-
tacts than other age groups. Within-household reciprocity of contacts reporting declined
with household size (range 70%-100%). Ninety percent of household contact networks
were complete, and furthermore, household members' contacts with non-household mem-
bers showed significant overlap (range 33%-86%), indicating a high degree of contact clus-
tering. A two-level mixing epidemic model was simulated to compare within-household
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Abstract

Heterogeneities in contact networks have a major effect in determining whether a pathogen

can become epidemic or persist at endemic levels. Epidemic models that determine which

interventions can successfully prevent an outbreak need to account for social structure and

mixing patterns. Contact patterns vary across age and locations (e.g. home, work, and

school), and including them as predictors in transmission dynamic models of pathogens that

spread socially will improve the models’ realism. Data from population-based contact diaries

in eight European countries from the POLYMOD study were projected to 144 other countries

using a Bayesian hierarchical model that estimated the proclivity of age-and-location-spe-

cific contact patterns for the countries, using Markov chain Monte Carlo simulation. House-

hold level data from the Demographic and Health Surveys for nine lower-income countries

and socio-demographic factors from several on-line databases for 152 countries were used

to quantify similarity of countries to estimate contact patterns in the home, work, school and

other locations for countries for which no contact data are available, accounting for demo-

graphic structure, household structure where known, and a variety of metrics including work-

force participation and school enrolment. Contacts are highly assortative with age across all

countries considered, but pronounced regional differences in the age-specific contacts at

home were noticeable, with more inter-generational contacts in Asian countries than in

other settings. Moreover, there were variations in contact patterns by location, with work-

place contacts being least assortative. These variations led to differences in the effect of

social distancing measures in an age structured epidemic model. Contacts have an impor-

tant role in transmission dynamic models that use contact rates to characterize the spread

of contact-transmissible diseases. This study provides estimates of mixing patterns for soci-

eties for which contact data such as POLYMOD are not yet available.
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Abstract

Social contact patterns among individuals encode the transmission route of infectious diseases and are a key ingredient in
the realistic characterization and modeling of epidemics. Unfortunately, the gathering of high quality experimental data on
contact patterns in human populations is a very difficult task even at the coarse level of mixing patterns among age groups.
Here we propose an alternative route to the estimation of mixing patterns that relies on the construction of virtual
populations parametrized with highly detailed census and demographic data. We present the modeling of the population
of 26 European countries and the generation of the corresponding synthetic contact matrices among the population age
groups. The method is validated by a detailed comparison with the matrices obtained in six European countries by the most
extensive survey study on mixing patterns. The methodology presented here allows a large scale comparison of mixing
patterns in Europe, highlighting general common features as well as country-specific differences. We find clear relations
between epidemiologically relevant quantities (reproduction number and attack rate) and socio-demographic
characteristics of the populations, such as the average age of the population and the duration of primary school cycle.
This study provides a numerical approach for the generation of human mixing patterns that can be used to improve the
accuracy of mathematical models in the absence of specific experimental data.
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Introduction

The accurate characterization of the structure of social contacts
in mathematical and computational models of infectious disease
transmission is a key element in the assessment of the impact of
epidemic outbreaks and in the evaluation of effective control
measures. For instance, the transmissibility potential of a disease
and the final epidemic size strongly depend on mixing patterns
between individuals of the population, which in turn depend on
socio-demographic parameters (e.g. household size, fraction of
workers and students in the population) [1–5]. For this reason,
several efforts have been recently carried out in order to obtain
contact data with the aim of quantifying ‘‘who meets whom
(where, when, how long and how often)’’ [6–12], possibly also over
time [13,14]. Empirical data collection on a large scale is however
extremely difficult and although several models tackling both new
emerging epidemics and endemic diseases have introduced a
significant amount of information on contact patterns [3,5,15–31],
it is clear that the increasing use of data-driven models in the
support of public health decisions is calling for novel approaches to
the estimation of mixing patterns in human populations.

In this study we propose to overcome the above challenges by
developing a general computational approach to derive mixing

patterns from routinely collected socio-demographic data. In
particular we focus on contact matrices by age of 26 European
countries for which we are in the position to construct a synthetic
society in the computer by integrating available social and census
data. The use of contact matrices is the simplest way to improve on
the homogeneous mixing assumption while at the same time
preserving the analytical transparency of the model. The proposed
approach is based on the simulation of a virtual society of agents
that allows the estimate of contact matrices by age in different
social settings: household, school, workplace and general commu-
nity. Unlike classical agent based approaches of epidemic
transmission [3,5,15,17,19,32] and network models [33,34], which
are aimed at characterizing the spatio-temporal spread of
epidemics tagging each individual in the population with a set of
social attributes, we use the same detailed information on social
contacts to construct contact matrices by age in the different
settings to be used in compartmental models. This approach
integrates population details, providing an effective description of
the population structure to be used in computational models
relying on compartmental schemes both at the continuous and
individual based scale. Such a strategy might be very convenient to
reduce the computational time demand in the analysis of large
scale geographical models [21,35–39].
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to the empirically determined age-specific force
of infection, li (Fig. 2A) (20). Specifically, our
model predicts that li/Ki should equal the con-
stant q. Therefore, to the extent that li/Ki is
independent of i, the assumed contact structure
provides a complete explanation of the data. As
Fig. 2C shows, li/Ki varies surprisingly little

across ages. The variation is smooth, with fluc-
tuations likely to be due to age-specific biases
in the contact data and age-specific variation in
detectability, susceptibility, and nature of con-
tacts as related to transmission. By making ad-
ditional assumptions regarding the dependence
of the above effects on age, we might achieve a

deceptively high degree of model-data agree-
ment, at the expense of robustness. In the ab-
sence of independent data quantifying the extent
of these effects and in keeping with our central
goal of assaying the impact of contact structure,
we instead make the parsimonious assumption
that li/Ki and reporting probability are inde-

Fig. 2. (A) Age-specific force of infection, li, for
pertussis in Sweden from 1986 to 1895, calcu-
lated according to Anderson and May (20, 21):
li = −[1/(∆a)]ln[(1 − pi)/(1 − pi−1)], where ∆a is
the width of the age class and pi is the proportion
of cases by age class i. The force of infection
initially increases with age, peaking in the 6-year-
old age class followed by a decline to a plateau
during adolescence, with a small subsequent peak
among 30- to 40-year-olds. (B) Age-specific rate of
risky contacts, Ki. Determined by annual disease
prevalence ( Ii /Ni, corrected for 10% assumed re-
porting probability) and the assumed matrix of
population contacts. Upon an in-danger contact, a
susceptible is exposed to infection. (C) Age-specific
probability of transmission given risky contact, q,
which is markedly constant, around a value of
0.04 (dashed line). In fig. S6, we show that this
estimate is robust to realistic age-specific notifi-
cation biases. (D) The normalized age-specific con-
tact rates (cij) as estimated by averaging the data
across all eight countries and correcting for reci-
procity: cij = mij/wj, where mij is the contact rate
and wj is the proportion of the population in age
class j. The intensity of contacts is scaled to vary
from 0 to 1. As shown in the SOM, our results are not sensitive to the pooling of data across the eight countries in the Mossong et al. (14) study. (E) Number of
daily contacts per person.
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Fig. 1. Pertussis in Sweden.
(A) Long-term incidence data
from four distinct eras: pre-
vaccination era 1910 to 1952
(shaded light blue); vaccina-
tion era with whole-cell pertus-
sis vaccines, ending in 1979
(shaded gray); vaccine-free era
(shaded light blue); and the
resumption of nationwide vac-
cination in January 1996 with
acellular pertussis (aP) vaccines
(shaded pink). aP vaccine cover-
age instantly exceeded 98% of
infants with a schedule of doses
at 3, 5, and 12 months. (B) Case
percentage among age groups:
infants (<1 year), preschool
children (aged 1 to 5 years),
primary-school children (aged
6 to 10), adolescents (aged 11
to 19), young adults (aged 20
to 39), and older than 40. The
onset of aP vaccination is marked
with the arrow. (C) Age-specific
incidence of pertussis. We present
the mean in the 10 years pre-
ceding (thick dark blue line)
and after (thick red line) the resumption of vaccination. For the vaccine-free
era, we also plot incidence data for epidemic (thin dashed lines) and non-
epidemic (thin solid lines). The disease burden among young children (aged

<6 years) has been reduced by 90% after vaccination. The inset shows shifts
in incidence among adolescents and adults after the 1996 resumption of
vaccination. [Redrawn from data in table 3 in (13)]
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to the empirically determined age-specific force
of infection, li (Fig. 2A) (20). Specifically, our
model predicts that li/Ki should equal the con-
stant q. Therefore, to the extent that li/Ki is
independent of i, the assumed contact structure
provides a complete explanation of the data. As
Fig. 2C shows, li/Ki varies surprisingly little

across ages. The variation is smooth, with fluc-
tuations likely to be due to age-specific biases
in the contact data and age-specific variation in
detectability, susceptibility, and nature of con-
tacts as related to transmission. By making ad-
ditional assumptions regarding the dependence
of the above effects on age, we might achieve a

deceptively high degree of model-data agree-
ment, at the expense of robustness. In the ab-
sence of independent data quantifying the extent
of these effects and in keeping with our central
goal of assaying the impact of contact structure,
we instead make the parsimonious assumption
that li/Ki and reporting probability are inde-

Fig. 2. (A) Age-specific force of infection, li, for
pertussis in Sweden from 1986 to 1895, calcu-
lated according to Anderson and May (20, 21):
li = −[1/(∆a)]ln[(1 − pi)/(1 − pi−1)], where ∆a is
the width of the age class and pi is the proportion
of cases by age class i. The force of infection
initially increases with age, peaking in the 6-year-
old age class followed by a decline to a plateau
during adolescence, with a small subsequent peak
among 30- to 40-year-olds. (B) Age-specific rate of
risky contacts, Ki. Determined by annual disease
prevalence ( Ii /Ni, corrected for 10% assumed re-
porting probability) and the assumed matrix of
population contacts. Upon an in-danger contact, a
susceptible is exposed to infection. (C) Age-specific
probability of transmission given risky contact, q,
which is markedly constant, around a value of
0.04 (dashed line). In fig. S6, we show that this
estimate is robust to realistic age-specific notifi-
cation biases. (D) The normalized age-specific con-
tact rates (cij) as estimated by averaging the data
across all eight countries and correcting for reci-
procity: cij = mij/wj, where mij is the contact rate
and wj is the proportion of the population in age
class j. The intensity of contacts is scaled to vary
from 0 to 1. As shown in the SOM, our results are not sensitive to the pooling of data across the eight countries in the Mossong et al. (14) study. (E) Number of
daily contacts per person.
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Fig. 1. Pertussis in Sweden.
(A) Long-term incidence data
from four distinct eras: pre-
vaccination era 1910 to 1952
(shaded light blue); vaccina-
tion era with whole-cell pertus-
sis vaccines, ending in 1979
(shaded gray); vaccine-free era
(shaded light blue); and the
resumption of nationwide vac-
cination in January 1996 with
acellular pertussis (aP) vaccines
(shaded pink). aP vaccine cover-
age instantly exceeded 98% of
infants with a schedule of doses
at 3, 5, and 12 months. (B) Case
percentage among age groups:
infants (<1 year), preschool
children (aged 1 to 5 years),
primary-school children (aged
6 to 10), adolescents (aged 11
to 19), young adults (aged 20
to 39), and older than 40. The
onset of aP vaccination is marked
with the arrow. (C) Age-specific
incidence of pertussis. We present
the mean in the 10 years pre-
ceding (thick dark blue line)
and after (thick red line) the resumption of vaccination. For the vaccine-free
era, we also plot incidence data for epidemic (thin dashed lines) and non-
epidemic (thin solid lines). The disease burden among young children (aged

<6 years) has been reduced by 90% after vaccination. The inset shows shifts
in incidence among adolescents and adults after the 1996 resumption of
vaccination. [Redrawn from data in table 3 in (13)]
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to the empirically determined age-specific force
of infection, li (Fig. 2A) (20). Specifically, our
model predicts that li/Ki should equal the con-
stant q. Therefore, to the extent that li/Ki is
independent of i, the assumed contact structure
provides a complete explanation of the data. As
Fig. 2C shows, li/Ki varies surprisingly little

across ages. The variation is smooth, with fluc-
tuations likely to be due to age-specific biases
in the contact data and age-specific variation in
detectability, susceptibility, and nature of con-
tacts as related to transmission. By making ad-
ditional assumptions regarding the dependence
of the above effects on age, we might achieve a

deceptively high degree of model-data agree-
ment, at the expense of robustness. In the ab-
sence of independent data quantifying the extent
of these effects and in keeping with our central
goal of assaying the impact of contact structure,
we instead make the parsimonious assumption
that li/Ki and reporting probability are inde-

Fig. 2. (A) Age-specific force of infection, li, for
pertussis in Sweden from 1986 to 1895, calcu-
lated according to Anderson and May (20, 21):
li = −[1/(∆a)]ln[(1 − pi)/(1 − pi−1)], where ∆a is
the width of the age class and pi is the proportion
of cases by age class i. The force of infection
initially increases with age, peaking in the 6-year-
old age class followed by a decline to a plateau
during adolescence, with a small subsequent peak
among 30- to 40-year-olds. (B) Age-specific rate of
risky contacts, Ki. Determined by annual disease
prevalence ( Ii /Ni, corrected for 10% assumed re-
porting probability) and the assumed matrix of
population contacts. Upon an in-danger contact, a
susceptible is exposed to infection. (C) Age-specific
probability of transmission given risky contact, q,
which is markedly constant, around a value of
0.04 (dashed line). In fig. S6, we show that this
estimate is robust to realistic age-specific notifi-
cation biases. (D) The normalized age-specific con-
tact rates (cij) as estimated by averaging the data
across all eight countries and correcting for reci-
procity: cij = mij/wj, where mij is the contact rate
and wj is the proportion of the population in age
class j. The intensity of contacts is scaled to vary
from 0 to 1. As shown in the SOM, our results are not sensitive to the pooling of data across the eight countries in the Mossong et al. (14) study. (E) Number of
daily contacts per person.
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Fig. 1. Pertussis in Sweden.
(A) Long-term incidence data
from four distinct eras: pre-
vaccination era 1910 to 1952
(shaded light blue); vaccina-
tion era with whole-cell pertus-
sis vaccines, ending in 1979
(shaded gray); vaccine-free era
(shaded light blue); and the
resumption of nationwide vac-
cination in January 1996 with
acellular pertussis (aP) vaccines
(shaded pink). aP vaccine cover-
age instantly exceeded 98% of
infants with a schedule of doses
at 3, 5, and 12 months. (B) Case
percentage among age groups:
infants (<1 year), preschool
children (aged 1 to 5 years),
primary-school children (aged
6 to 10), adolescents (aged 11
to 19), young adults (aged 20
to 39), and older than 40. The
onset of aP vaccination is marked
with the arrow. (C) Age-specific
incidence of pertussis. We present
the mean in the 10 years pre-
ceding (thick dark blue line)
and after (thick red line) the resumption of vaccination. For the vaccine-free
era, we also plot incidence data for epidemic (thin dashed lines) and non-
epidemic (thin solid lines). The disease burden among young children (aged

<6 years) has been reduced by 90% after vaccination. The inset shows shifts
in incidence among adolescents and adults after the 1996 resumption of
vaccination. [Redrawn from data in table 3 in (13)]

www.sciencemag.org SCIENCE VOL 330 12 NOVEMBER 2010 983

REPORTS

 o
n 

N
ov

em
be

r 1
1,

 2
01

0 
w

w
w

.s
ci

en
ce

m
ag

.o
rg

D
ow

nl
oa

de
d 

fro
m

 



S E I RS E I RS E I RS E

V

I Rbirths

p

1-p

Model, simulated as time varying Markov Chain 
Updating of age-classes occurs annually 

0-19 one-year classes, and 20+

Age-structured SEIR 
model



Age-specific transmission rate
Force of infection determine by: 

Contact structure (𝜅ij) -- from Mossong study 
Probability that contact is with infectious -- Yj/Nj 
Transmission probability, given contact -- vᵢ

λi = νi ∑
j

κij
Yj

Nj



�d
i = � 1

�ai
log

✓Pn
j=i+1 DjPn
j=i Dj

◆

•From age-specific incidence data, calculate age-specific force 
of infection 

•That is, probability of infection while in age class i 

•P(infection in age i) = 1 – exp(-λi Δai)

Δai is width of class i 
Dj is incidence data in class j

Age-Structured transmission: 
from data



• We know 𝜅ij –rate of contacts between class i and class j– 
so,  

• Ki is risky contacts of class i = Σj 𝜅ij Yj/Nj 

• Thus, force of infection is  
• λi = νᵢ Ki 

• νᵢ is probability of infection given contact 
• So, νᵢ = Ki/λid

Age-Structured transmission: 
from model



Fluctuations likely due to age-specific biases in contact data and age-
specific variation in detectability, susceptibility, and nature of contacts as 
related to transmission 

Assume νᵢ constant to assay role of age-specific contacts in transmission

Pr
ob

ab
ilit

y 
(ν
ᵢ) 

Estimating νᵢ



R2 = 0.83

Model-data comparison



Does the Contact 
Matrix Matter?
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Summary

• Incorporating age-specific transmission 
introduced need for additional data (contact 
matrix) 

• Pragmatic decisions permitted modeling of 
age-stratified system 

• Model explains shifts in age distribution of 
incidence as a natural consequence of 
vaccination and age assortativity in contacts


